Waves that propagate at low frequencies in buried pipes are of considerable interest in a variety of practical scenarios, for example leak detection, remote pipe detection, and pipeline condition assessment and monitoring. Particularly useful are the n=0, or axisymmetric, modes in which there is no displacement (or pressure) variation over the pipe cross section. Previous work has focused on two of the three axisymmetric wavetypes that can propagate: the s=1, fluiddominated wave; and the s=2, shell-dominated wave. In this paper, the third axisymmetric wavetype, the s=0 torsional wave, is studied. Whilst there is a large body of research devoted to the study of torsional waves and their use for defect detection in pipes at ultrasonic frequencies, little is known about their behaviour and possible exploitation at lower frequencies. Here, a lowfrequency analytical dispersion relationship is derived for the torsional wavenumber for a buried pipe from which both the wavespeed and wave attenuation can be obtained. How the torsional waves subsequently radiate to the ground surface is then investigated, with analytical expressions being presented for the ground surface displacement above the pipe resulting from torsional wave motion within the pipe wall. Example results are presented and, finally, how such waves might be exploited in practice is discussed.
Introduction
Much attention has recently been paid to remotely detecting buried pipes and cables in all ground conditions without the need for excavation, under the umbrella of a major UK initiative entitled "Mapping the Underworld" (MTU) [1] . Building on the highly successful outcomes from MTU, A new research project, entitled "Assessing the Underworld" (ATU) [2] , has recently commenced to take the research into a new sphere. This programme aims to use geophysical sensors deployed both on and beneath the ground surface to remotely determine the condition of urban assets. One of the four essential technologies in the MTU, vibro-acoustics, has been proven to be suitable and highly successful for locating buried water pipes [3, 4] . In the ATU phase, some of the vibro-acoustic techniques developed in MTU will be extended from detecting pipes to assessing their condition. It is within this framework that the work presented here has been undertaken.
Failures in aging water mains are a serious problem for all water distribution systems. There has been considerable research and commercial attention on the accurate location of water leakage for many years [5] [6] [7] , but the various causes of pipe failures, and their identification, have not been well documented; moreover, there are still a number of gaps in the existing knowledge. One mode of failure, about which there is very little in either the academic or industrial literature, is spiral fracture, occurring, for the most part, in cast iron pipes [8] . Beyond the obvious case of a spirally welded pipe, it is not altogether clear what mechanism might underlie such a failure.
Perhaps more tractable is the link between spiral failure (however initiated) and the wave motion set up within the pipe in consequence. There is a desire to be able to detect and locate fracture events as they occur and, if possible, remotely confirm the likely mode of failure. For a vibro-acoustic technique to be effective, the acoustic characteristics of the dominant wave mode(s) associated with particular types of pipe failure must be known a priori. Furthermore, how these waves may radiate to the ground surface, where than can potentially be detected, is of considerable interest. In general, in buried water pipes, acoustic energy propagates at relatively low frequencies [9] . Of the four main energy carriers, three of them are axisymmetric (n=0) waves including a predominantly fluid-borne (s=1) wave, a compressional shell (s=2) wave, and a torsional (s=0) wave. Much of the present authors' previous work has involved both theoretical and experimental investigations into the s=1, 2 waves [10] [11] [12] [13] [14] . The focus of the present paper is the s=0, torsional wave. Whilst, in the field, it has not been confirmed beyond reasonable doubt, it would seem logical to assume that, when a spiral fracture occurs in a pipe, torsional waves are excited and thence propagate along the pipe. Moreover, if it were possible to detect these waves from the ground surface, possibilities for the remote detection and monitoring of the fracture events open up.
Torsional waves in pipes have received considerable attention in the literature at ultrasonic frequencies to support commercial testing systems that have been in use in industry for a number of years. They are exploited for the detection and characterization of cracks and other (small) pipe defects in both unburied and buried pipe, for example [15] [16] [17] [18] [19] [20] [21] [22] . At these high frequencies, the fundamental torsional wave in a buried pipe is non-dispersive, propagating at the same speed as that in an in-vacuo pipe. Little is available in the literature for the low-frequency regime, beyond the in vacuo, textbook solution. To the authors' knowledge nothing has, to date, been presented on the low-frequency behaviour of buried pipes and the concomitant response within the soil, in particular, in terms of an analytical solution. In this paper, the dispersion characteristics of the fundamental torsional wave in a buried pipe at low (typically <1 kHz) frequencies is studied and analytical solutions presented. Additionally, the resultant response within the surrounding ground is examined.
The present paper is organized as follows: In section 2, the equations of motion are derived, leading to the dispersion relationship for torsional motion; an analytical expression for the torsional wavenumber is presented, which encapsulates both the wavespeed and the wave attenuation. In Section 3, how such waves might radiate to the ground surface is considered; an approximate analytical expression for the displacement seen at the ground surface relative to the circumferential motion of the pipe wall is derived; this in turn can be related to the circumferential pipe wall motion at any point along its length. In Section 4, numerical examples are presented for a cast iron pipe; two typical soil types are considered. Finally, some practical applications of this research are considered and conclusions presented.
Dispersion relationship for the n=0, s=0, torsional wave
The pipe equations for 0 = n axisymmetric, torsional wave motion are derived for a buried fluid-filled pipe. The surrounding soil is regarded as an infinite elastic medium which can sustain both compressional and shear waves. A semi-infinite, isotropic, cylindrical shell is shown in Fig. 1 : the shell displacements are u , v and w in the axial ( x ), circumferential (θ ), and radial ( r ) directions, respectively; ur, uθ and ux denote the soil displacements in the r, θ and x directions respectively. The contained fluid imposes a pressure ( f p ) on the pipe wall; the surrounding soil imposes normal stress rr σ and tangential stresses rθ σ and rx σ at the pipe/soil interface. The pipe has a mean radius a and wall thickness h, and is assumed to be thin such that a h << . The following are simplified forms of Kennard's equations for a thin-walled shell [23] , with shell bending neglected, and so are only valid According to Hooke's Law, the tangential stress rθ σ is given by
Substituting the travelling wave solution of uθ given by Eq.
where 1
For the shell, each cross-section remains in its own plane and rotates about the x axis. Noting that the surrounding soil only exerts a tangential stress, ( ) r a θ σ , at the boundary r=a, equilibrium of forces in the circumferential direction gives
Exploiting Hooke's law for the shell gives the tangential stress xθ
Where Gp is the shear modulus of the pipe wall material. Combining these two equations then gives
Similar to the soil displacements, a travelling wave solution of the form
where Vs is its amplitude in the circumferential direction.
The coefficient B in Eq. (4) may be determined from the conditions at the pipe/soil interface. Here we consider compact contact for which there is a no slip condition between the pipe wall and the soilexcept when very large shear strains are expected, as might be the case for earthquake-excited motion, this condition is likely to be maintained. Thus Eq. (2) becomes
From Eq. (4) this then gives the shear stress at the pipe wall as
For a thin walled pipe for which h<<a, substituting into Eq. (7) and adopting the travelling wave solution for the pipe wall displacement, v, gives (after some manipulation) the torsional wavenumber as
where kT is given by 2
The individual terms contributing to the wavenumber expression can be readily identified as:
• 
At high frequencies, when the asymptotic forms of the Hankel functions for large arguments can be used [24] , Eq. (22) becomes
Taking the square root and retaining only the first two terms in the series expansion gives, after some manipulation
This shows that, at high frequencies, the real part of the s=0 wavenumber, related to the wavespeed, tends, as expected, to the in vacuo value. Substituting for When the in-vacuo torsional wavespeed in the pipe is much greater than the shear wavespeed in the soil (
It can be seen that the imaginary part of the wavenumber comprises two terms: one associated with losses within the pipe wall; and the second associated with radiation losses. When the pipe wall losses are small, such as is the case for metal pipes, the imaginary part of the pipe wavenumber becomes a constant. It is also clear now that the pipe does not simply become uncoupled from the surrounding medium at high frequencies; it is rather that the radiation loading becomes that of radiation damping only. As expected, when the shear modulus of the surrounding medium 0 m µ → and r k → ∞ , i.e. when the surrounding medium is a fluid, Eq. (10) shows that the torsional wavenumber 2 2 0 T k k → . Under these conditions the torsional wave is, as anticipated, uncoupled from the medium.
Radiation from the pipe to the ground surface
In the preceding analysis, we have included the effects of a surrounding medium on the axisymmetric torsional waves propagating in a buried pipe. However, the medium was considered to be of infinite extent, with no free surface being included in the analysis. Here, we wish to see how such waves propagating in a buried pipe might radiate to a free surface and what resultant displacements might be seen at that surface. A comprehensive analysis of the fully coupled system, including the ground surface, would be extremely complex and beyond the scope of the present paper. What is offered here is a somewhat simplified analysis, in order to gain some understanding of the physical processes in play, and which makes the following assumptions: • The effects of the soil on the pipe and the effects of the waves propagating in the pipe on the soil can be considered independently; what this means in practice is that, in the calculation of the dispersion characteristics of the torsional wave, the free ground surface (along with the concomitant wave reflections) is neglected -it is only included once the waves in the pipe have already, so to speak, been set up. Because of the large attenuation in most soils, this is only likely to become problematic at extremely low frequencies when the number of shear wavelengths between the pipe and the ground surface becomes very small. • Once the waves radiating from the pipe reach the ground surface, they can be considered to be in the far field and undergo a plane wave treatment. This limits the lower frequency bound for which the analysis is valid, in a similar way to the assumption described above. • Only excitation of the ground directly over the pipe is considered. Analytical description of the interaction of cylindrical and conical waves with a planar surface is complex. For example, at a lateral distance from the pipe axis comparable to the pipe depth, incident shear cylindrical or conical waves can excite surface waves of various kinds in addition to the reflected bulk waves [25, 26] . Directly over the pipe, which is the main region of interest for this study, surface waves do not develop, and only reflected shear waves need to be considered. A similar approach was adopted by Jette and Parker [27] when studying the effects on the ground surface of a fluid-borne wave propagating in a steel gas pipe. For the torsional, n=0, s=0, wave propagating in a pipe, the excitation in the surrounding soil is given by Eqs. 
Eq. (17) shows that, in the far field, the incident wave field becomes quasi-planar, with a complexexponential dependence moderated by the cylindrical spreading term. At this stage it is more convenient to adopt a Cartesian coordinate system in preference to a cylindrical one, with z denoting the direction normal to the ground surface, xy, plane, and the origin located on the pipe centre line. When the waves radiating from the pipe are incident upon the ground surface in the region directly above the pipe (now as plane waves), the travelling wave solutions for the soil displacements can now be expressed as 
where the incident amplitude V + is given by (19) and the reflected amplitude Vis to be determined by the boundary conditions at the ground surface.
At the ground surface, the condition that the shear stress is zero (σzy=0). Given that the vertical component of displacement at the ground surface is also zero, the shear stress is given by 
i.e. a doubling of the response is seen at the free surface, analogous to the pure acoustic case. Substituting Eqs. (19) and (21) 
This shows that here the pipe behaves as a plane wave source with the plane waves following a cylindrical spreading law. 
Example results
Examples are presented for a typical cast iron pipe buried in two soil types, representing a sandy soil and a clay soil, respectively. The relevant pipe and soil parameters are shown in Table 1 . 
Analytical dispersion relationships
Figs. 2(a) and (b) show the real parts of the wavenumber and the wave attenuation (presented as loss in dB per unit propagation distance -measured in pipe radii) respectively for both types of pipe in each soil. For the real parts ( Fig. 2a) , the in-vacuo values are also shown; for the imaginary parts, the high frequency approximations given by Eq. (15) are included. Eq. (11) is used in order to present the results in non-dimensional form; the non-dimensional wavenumbers are plotted against the free-field nondimensional wavenumber for water, kfa. (Note that, for a pipe of radius 100mm, the maximum frequency presented in the figures is approximately 5kHz, with the ring frequency being approximately 7.3kHz. Furthermore, the ring frequency will occur at a value of 3 ≈ a k f , regardless of the pipe radius.) It should also be noted that, as for the s=1, 2 wavetypes, the solutions to Eq. (11) must be found recursively, also using the relationship k . Here, the choice is made based on the assertion that the pipe waveumber, k0, must have a negative imaginary part, so that waves travelling along the pipe decay, rather than grow (this differs slightly from the s=1, 2 cases presented previously in that, for these, both choices of square root resulted in a decaying pipe wave, so a further constraint was required in order to decide which root should be used). Fig. 2(a) shows that the real part of the wavenumber (and hence the wavespeed) is very close to the in-vacuo value at all the frequencies considered, for both soil types. Even at low frequencies, the effect of the soil is small. Close inspection reveals there to be a very slight decrease in the values relative to the in-vacuo case, with this effect being slightly greater in the clay soil. This indicates that, the soil exerts a small stiffness effect on the pipe. Moreover, the wavenumber curve does not pass through the origin, suggesting that the wavespeed tends to zero at very low frequencies and that the wave may be cut-off. Wavenumbers were also computed assuming no loss in the soils, in order to evaluate the effect of the soil damping. As anticipated, it was found that the soil damping had a negligible effect on the real part of the wavenumbers. Fig. 2(b) shows that, for the cast iron pipe, the wave attenuation is of the order of 1-2dB/a at low frequencies and decreases with frequency, reaching the constant value predicted by Eq. (15) . The attenuation is larger for the clay soil, as might be expected, given the higher shear stiffness of clay. As for the real part of the wavenumber, the effect of soil damping on the wave attenuation was found to be extremely small for both pipe/soil combinations. 22); the approximate responses at high frequency, given by Eq. (23) are also included. Frequencies for which data are considered invalid, by virtue of the responses not being in the far field, have been excluded from the plots. Examining Fig 3(a) , it can be seen that the response is consistently less at the ground surface than on the pipe, becoming a linear variation at higher frequencies. This is as might be expected, given that the waves undergo both attenuation due to soil damping and cylindrical spreading in order to reach the surface. Here, large differences between the two soil types can be seen, with the attenuation in the clay soil being much less than in the sandy soil. This is largely due to the soil damping itself which has a much greater effect on the smaller wavelengths present in the sandy soil compared with those propagating in the clay soil. Almost none of the frequency range has been excluded for not meeting the far field condition at the surface, suggesting that the non-dimensional wavenumber, d k r 0 , is greater than unity even at very low frequencies. This, again, is as expected, given that the wavenumber in the pipe approximates the in-vacuo value and, in turn, is much smaller than the free-field wavenumber in the soil. For both the cases considered, the high frequency approximations are valid for all but very low frequencies. Fig. 3(b) shows the phase of the ground surface displacement relative to that seen on the pipe wall. Again, the differences result from the phase lag of a wave travelling a certain distance along the pipe compared with a wave travelling a longer distance in the surrounding soil. The high-frequency approximations are, here, indistinguishable from the full solution over the whole frequency range. Fig. 3 . Displacement response at ground surface, relative to pipe wall displacement for cast iron pipe buried in sand/clay: (a) magnitude (dB); (b) unwrapped phase (rad).
Response at the ground surface

Discussion and Conclusions
In this paper, axisymmetric torsional wave motion in a buried pipe has been studied. At the pipe/soil interface, compact contact has been assumed, for which continuity of circumferential displacement is maintained. An analytical dispersion relationship has been derived for the n=0, s=0, torsional wave. This wave is uncoupled from any contained fluid but, for the purposes of deriving the dispersion relationships, a surrounding medium of infinite extent was presumed. These expressions, along with low and high-frequency approximations, permitted insights to be gained into the physical mechanisms at play. Furthermore, expressions were derived for the ground surface displacement directly above the pipe, resulting from torsional wave motion within the pipe wall. Numerical examples were then presented. It was found that, for the cast iron pipe considered here, the effect of the soil (for either soil type) on the real part of the wavenumber, and hence wavespeed, was small. The small differences between the soil-loaded cases and the in-vacuo case demonstrated that, at low frequencies, the soil exerts a small stiffness effect. Contrastingly, the effect of the surrounding soil on the wave attenuation can be considerable.
The torsional wave propagating in a buried pipe will radiate into the surrounding soil purely as a shear wave, which might be detectable at the ground surface. For the cast iron pipe studied here, detection at the ground surface might be possible. In particular, for pure torsional motion in an ideal medium, the resulting displacement at the ground surface directly above the pipe is confined to one direction: perpendicular to the pipe and in the plane of the surface. This is in contrast to the ground surface displacements resulting from either s=1 (fluid-dominated) or s=2 (shell-dominated) axisymmetric wave motion in the pipe; under ideal conditions these displacements are confined to being a combination of vertical and horizontal, in-line with the pipe [28] . These differences may be brought to bear when attempting to determine, from the ground surface, which type of wave motion has occurred in the pipe, for example when a fracture event occurs. Monitoring torsional waves directly on the pipe may also be beneficial, and not only for detecting the presence or not of torsional wave motion. As stated earlier, the n=0, s=0 torsional wave, such as is described in this paper, is frequently exploited for the detection of faults and cracks in pipes, see for example [15] [16] [17] [18] [19] [20] [21] [22] . Mainly carried out at ultrasonic frequencies, inspections of this sort are possible because, at high frequencies, the wave is non-dispersive; moreover, the attenuation is atypically low and invariant with frequency in this frequency regime. The investigations presented here show that these trends do, in fact, persist at much lower frequencies, well into the audible range. Knowledge of this would allow pipe inspections to be carried out at these lower frequencies. Whilst the disadvantages of this approach are immediately apparent (the scale of the faults would need to be much greater and the excitation devices correspondingly larger), there would also be advantages of monitoring torsional waves in this way: sampling rates on acquisition and analysis equipment could be much lower, thus potentially reducing costs dramatically; larger, potentially more catastrophic, defects could be more readily exposed (more important, perhaps where repair and replacement prioritization is an issue, such as in the water industry); and finally, leak detection equipment generally operates in the audible frequency range so possibilities might open up for incorporating torsional wave monitoring into existing equipment.
The findings presented here open up new possibilities for both pipe damage detection and for the remote detection of pipe fracture in cast iron pipes, at audio frequencies. Future work will address whether such approaches are viable in practice.
